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Berry connections can be very useful for the determination of electronic properties of materials.
Yet they are particularly difficult to calculate from first principles. The main problems in so calcu-
lating are the randomness of the wavefunction phase for different points in the reciprocal space that
is given by numerical calculations and the band crossing at points of degeneracy. In this letter we
show how this can be overcome and applied to the simple case of two dimensional semiconductor
hexagonal boron nitride. To demonstrate the effectiveness of the process, we calculate the linear
and second harmonic generation conductivities from the Berry connections obtained directly from
density functional theory.
Introduction.—The concepts introduced by M. Berry
[1] of Berry connection, phase and curvature have had
a tremendous impact in condensed matter physics [2, 3]
and on our understanding of electronic properties of ma-
terials. The ability to calculate these physical quantities
allows us, for instance, to determine the electric polariza-
tion in solids and many optical, magnetic and electronic
properties. Yet, the Berry geometries are not easy to ex-
tract numerically for most crystals of interest. The main
problems that have to be overcome in numerical calcula-
tions of geometric properties are the randomness of the
relative phases of the wavefunctions from one k point in
reciprocal space to another, and the electronic bands that
are not isolated i.e. there are degeneracies [4, 5].
Since the eigenstate equations for each k point are cal-
culated independently, the numerical procedure naturally
introduces a random phase in the set of wavefunctions of
each k point relative to any other k point. They are in-
coherent. This precludes any calculation that does not
cancel the phase of the wavefunctions. This problem is
not overcome but avoided by calculating geometric prop-
erties in a closed path, so that the random phase of each
k point is canceled automatically, due to the product of
each wavefunction with its complex conjugate. The Berry
phase is a particular case which can indeed be calculated
for specific cases in several Density Functional Theory
[6] (DFT) packages [7–9], which are, however, limited to
static polarization calculations. Chern numbers can also
be calculated by numerical means [5], but assuming iso-
lated bands.
If one is interested in computing a response, such as the
optical conductivity that may be written in terms of the
Berry connection [10], or high-order harmonic generation
[11], this random phase has necessarily to be dealt with.
The second problem is that in a typical crystal there
are points in the Brillouin Zone (BZ) where the states are
degenerate (i.e. bands cross, they are not isolated) and
that usually leads to a non-analytic dependence of the
wavefunction at those points. This happens because in
a degenerate state any linear combination of orthogonal
eigenstates is also an eigenstate, and numerical calcula-
tions in practice deliver some pair of orthogonal eigen-
states that may be unrelated (discontinuous) to the sur-
rounding eigenstates. The usual approach to solve this
problem is to group the bands that cross in sets connected
by degeneracies but isolated from the bands above and
below in such a way that they form a subspace that is
transformed in order to eliminate the non-analytic be-
havior locally [4, 12]. This is a non-trivial procedure
that is not fool-proof. And when the number of bands
crossing is large, it is not obvious how to proceed. For
instance, our calculations of hexagonal boron nitride sin-
gle layer (hBN) bands show that more than a thousand
of the lowest conduction bands have crossings between
them. These blocks can be huge in the number of bands,
making many systems intractable.
In this letter we show how these problems can be over-
come to obtain the Berry connections from DFT calcu-
lations, and use them to calculate measurable proper-
ties. DFT is one of the most used techniques to obtain
the electronic structure of materials and in principle it
should be possible to extract the Berry geometries from
the Kohn-Sham (KS) states. We choose to calculate the
Berry connections because all other geometric properties
(Berry phase, curvature, flux) can be derived from it. We
applied our method to single layer of hexagonal boron ni-
tride (hBN), a two-dimensional material with relevance
for its optical properties [13].
Procedure.—The Berry connection for a crystal can be
defined as (Equation 1) [2, 3]:
ξkss′ = i〈uks|∇kuks′〉 (1)
=
i
vuc
∫
uc
d3r u∗ks(r)∇kuks′(r),
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2where k is a point in the first Brillouin zone, s and s′ are
band numbers, uc stands for unit cell in real space and vuc
is the volume of that unit cell. The Bloch functions read
as ψks(r) = eik·ruks(r) with the Bloch factor uks(r) =
uks(r +R) for R any Bravais lattice vector.
The uks(r) functions can be easily obtained from DFT
calculations, but in order to calculate their gradient in
reciprocal space we need to properly assign each function
uks to a continuous band (or set of continuously varying
eigenstates). Numerical calculations simply order these
wavefunctions by their corresponding energy eigenvalues,
which is not a good criterion for defining a continuous set
(or band). When they are ordered in this way, continuity
fails where bands cross. That would not be a problem if
we had only isolated bands, but this is not usually the
case.
In other words, we need a proper definition of a single
electron band, such that we may construct it from the
DFT eigenstates to form a continuous band. The natural
criterium is that in the same band, Bloch factors have to
vary continuously in the reciprocal space. In fact, it is a
necessary condition if we want to calculate gradients of
these functions.
To verify the continuity of the Bloch factors we cal-
culated the inner product Skk′ss′ = 〈uks(r)|uk′s′(r)〉 be-
tween Bloch factors of neighboring k and k ′ = k + ∆k
points. For sufficiently small ∆k the modulus of the inner
product of the normalized Bloch factors |S| is either close
to one for states that vary continuously and belong to the
same band or much smaller than one if the states belong
to different bands. This way we were able to classify, for
each k, which eigenstate corresponds (in the sense that
it is continuous) to which eigenstate of neighbor k + ∆k
point. We then propagate this procedure through all k
points of the Brillouin Zone (BZ) and all eigenstates and
make sets of eigenstates that are linked by continuity.
The criterion for considering |S| sufficiently close to one
and so attribute to the same band depends on the density
of k points sampling or the size of ∆k. In our calculations
we used |S| > 0.9.
To move forward in the calculation of the Berry con-
nections, we need to solve the problem of the random
phases discussed above, i.e. we need to make the wave-
functions coherent, as otherwise equation 1 will not give
sensible results. A procedure to solve this problem is
hinted, for instance, in references [14] and [15]. The idea
is that all wavefunctions have to have a common refer-
ence. We choose that the phases of all wavefunctions of
the system should be synchronized in a chosen point r0
of real space. For instance, we can set the phase to zero
at that chosen point by multiplying each wavefunction
ψks(r) by the reciprocal of the phase eiφ0 it has in that
point: ψks(r)→ e−iφ0ψks(r) where φ0 is the argument of
wavefunction ψks(r) at r = r0. The choice of the point in
real space is not relevant (as long as all wavefunctions are
different from zero at that point) since choosing another
point would simply add a global phase to all wavefunc-
tions, that would cancel in equation 1. This results in a
totally coherent set of wavefunctions, for which we can
apply the usual operations.
The band definition we made has a discontinuity in
points where the states are degenerate, as we mentioned
above. This discontinuity precludes the calculation of the
Berry connection due to the gradient of a Bloch factor
in equation 1 in those points of the BZ. These cases can
be sorted out by signaling out the degenerate points and
acting in them. For our specific purpose we could sim-
ply ignore them, since they are a very small fraction of
the total number of wavefunctions involved in the calcu-
lation and so introduce little error, or we can perform
an interpolation of the wavefunctions to assure continu-
ity in these special cases. If the nearby k points that
are used for the interpolation are very close, continuity is
assured in both crossing bands and also that they are or-
thogonal eigenvectors for the degenerate eigenvalues up
to the extent of the quality of the interpolation, since
the eigenvectors of different bands are orthogonal. This
corresponds in practice to a local rotation of the basis
to align it with the closest wavefunctions of each of the
crossing bands. On the other hand, if the software that
calculates the KS states re-uses the previous calculated
states as a starting point and the k points are sufficiently
close it is highly probable that the new states are continu-
ous to the previous; this actually happened in the results
we present in this paper for hBN, where no interpolation
was needed.
With these procedures we can then effectively isolate
each band from the rest, and we successfully calculated
the gradients of both the energy bands and the Bloch
factors. We then applied this method to hBN, using DFT
to calculate these quantities.
Results.—The DFT calculations were performed us-
ing the Quantum ESPRESSO [7, 16] suite with the
generalized gradient approximation of Perdew-Burke-
Ernzerhof [17] (GGA-PBE) for the exchange-correlation
functional. A non-relativistic approximation was used, as
well as norm-conserving pseudopotentials. For self con-
sistent field calculations, a Monkhorst-Pack [18] grid of
24×24×1 points for the integration in the Brioullin zone
(BZ) was used. The energy cutoff was chosen to be 80
Ry. A vaccuum of 30 bohr was used in the z direction.
For calculations that need a dense sampling that cover
the full area of the BZ, we used the rectangle shown in
blue in Figure 1, which covers an area equal to the first
BZ and has a geometry that makes a gradient calculation
simpler.
After a scf calculation, a non self consistent field cal-
culation was performed on 47 × 41 k points in the blue
area shown in Figure 1 for hBN. We then fixed the wave-
functions phase and calculated S for all k points and
eigenstates s and s′. The Bloch factors are normalized
to unity in the unit cell. This way we identified all eigen-
3Figure 1: (Color online) Reciprocal space of hBN showing
in red the BZ and in blue the rectangle used for sampling
the reciprocal space. For hBN, the dimensions of the blue
rectangle are 0.243442× 0.210828 in units of 2pi
a0
, where a0 is
the Bohr constant. b1 and b2 are the reciprocal lattice vectors.
Figure 2: (Color online) Eight lower bands of hBN, discrim-
inated by color. The area in the reciprocal space is the blue
rectangle shown in Figure 1. The green band is the top va-
lence band and the violet is the lowest conduction band.
states of the four valence bands and the first four con-
duction bands of hBN, and obtained a clear distinction
between the different bands, as shown in Figure 2. We
can then treat each one as an isolated band.
Having obtained the set of states that belong to each
isolated band of interest, ordered in reciprocal space and
covering all BZ, we can then determine the Berry con-
nections between every pair of bands s and s′ at each k
point of the BZ. As an example, the Berry connection
between the top valence band and the lowest conduction
band of hBN is shown in Figure 3.
To calculate the linear optical conductivity and the sec-
ond harmonic generation from the bands and the Berry
connections that are obtained from our DFT calcula-
tion, we have used the usual length gauge description
[10, 19, 20], specifically, the formalism presented in Ven-
tura et al. [10]. For the case of a cold dimensional semi-
conductor, the linear conductivity can be expressed in
Figure 3: (Color online) Visualization of the real part (left)
and the imaginary part (right) of the calculated Berry ξk4 5
connection between the highest valence band and the low-
est conduction band of hBN (in units of a0). Lighter color
corresponds to higher vector modulus. The area shown cor-
responds to the blue rectangle shown in Figure 1.
terms of a single, interband, contribution,
σβα1(ω) =
ie2
}
∑
s′s
∫
BZ
d2k
(2pi)2
∆ks′sξ
β
kss′ξ
α1
ks′s
}(ω + iΓ)−∆ks′s∆fkss
′ ,
(2)
where ∆ks′s = ks′ − ks, ∆fkss′ = fks − fks′ , ks is
the eigenvalue of band s at k, and fks = f(ks) is the
Fermi-Dirac distribution function. α and β run through
the spatial coordinates x and y (since we are dealing with
a two dimensional material, the conductivity tensor only
has four components). Γ is the relaxation parameter. We
used Γ = 0.01 Ry = 0.136 eV in all calculations. The re-
sult is shown in figure 4, where it is compared with the
dielectric function of the same system calculated using
the dipole approximation within the random phase ap-
proximation (RPA) [21], that usually is available in DFT
packages. The linear optical conductivity is in very good
Figure 4: (Color online) Real part of the linear optical con-
ductivity along the armchair direction calculated using the
Berry connection and Eq. 1 (orange) and calculated using
the dipole approximation (blue), for hBN. The units of con-
ductivity are Rydberg atomic units.
4agreement, which validates the model: the same phys-
ical quantity calculated in two totally different models
gives the same result. The calculated band gap of hBN
is 4.7 eV, which is underestimated as usual in DFT using
GGA-PBE functional [22]. This can be corrected us-
ing the scissor operator [23] for instance, or some other
functional that corrects the gap or even using other ap-
proaches like applying the GW approximation, as long
as the single electron wavefunctions resulting from the
calculations have physical meaning. Otherwise, the cal-
culated Berry connection would be meaningless.
We then proceed to second order, for the case of the
second harmonic generation. The iterative process of
Ref. [10] gives equation 3. The second order conduc-
tivity needs the Berry connections and their derivatives
as well as the energy bands and their gradient:
σβα1α2(ω, ω) = −e
3
}
∫
BZ
d2k
(2pi)2
∑
s′ 6=s
1
2
∆kss′
gωkss′
{
(∇α2∆kss′)
[
ξβks′s, ξ
α1
kss′
] ∆fks′s
h2ωkss′
+
[
ξβks′s, (ξ
α1
kss′);α2
] ∆fks′s
hωkss′
}
(3)
− i
4
∑
s′ 6=s6=r
∆kss′
gωkss′
{
∆fks′r
hωkrs′
(
ξβks′sξ
α2
ksrξ
α1
krs′ + ξ
α1
ks′rξ
α2
krsξ
β
kss′
)
− ∆fkrs
hωksr
(
ξβks′sξ
α1
ksrξ
α2
krs′ + ξ
α2
ks′rξ
α1
krsξ
β
kss′
)}
+ (α1 ↔ α2)
 ,
with gωkss′ = 2}(ω + iΓ)−∆kss′ , hωkss′ = }(ω + iΓ)−
∆kss′ and,[
ξβks′s, ξ
α1
kss′
]
= ξβks′sξ
α1
kss′ − ξα1ks′sξβkss′ (4)
(ξα1kss′);α2 =
(∇α2ξα1kss′)− i (ξα2kss − ξα2ks′s′) ξα1kss′ (5)
Figure 5: (Color online) The real and imaginary parts of the
conductivity along the armchair direction of second harmonic
generation for (left) hBN with eight bands, (right) and hBN
with two bands calculated from DFT (solid lines) and tight-
binding (doted thin lines). The units of conductivity are Ry-
dberg atomic units.
The result for the second harmonic generation in hBN
and InSe is shown in Figure 5. To have a reference, we ap-
plied equation 3 to both a two band tight-binding model
and to just the valence and conduction bands as calcu-
lated by our method. For the tight-binding, we used the
parameters from reference [24]. The result is shown in
figure 5 (right) and the two calculated second order con-
ductivities are in very good agreement.
Summary.—We established a procedure to solve the
problem of random phases in numerical calculations of
electronic structure due to the independence of basis at
different k points, and thus making all wavefunctions co-
herent. This allows the calculation of gradients of the
Bloch factor in reciprocal space. Using another proce-
dure, we isolated the bands of a crystal starting from
DFT calculations, and from that classification of the
eigenstates we were able to calculate the Berry connec-
tion from first principles. We then used this knowledge
for the calculation of optical response in linear order and
the second harmonic generation in hBN. The possibility
of obtaining the Berry connections from first principles
in a simple way opens huge possibilities in the study of
responses in crystals.
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